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INTRODUCTION 
Penetration testing is one of the most widely used methods to 
measure the comparative strength and compressibility of soils. The 
basic idea of the test is simply to measure the resisting force on 
a rod or plunger as it penetrates into soil media. The penetration 
test had been used for numerous soil engineering purposes such as 
for bearing capacity analysis, pile foundation design, pavement 
design, trafficability prediction, settlement analysis and even the 
investigation of lunar soil (35). 
Although penetration testing is a simple and useful method the 
lack of sound theoretical analyses relative to soil cohesion and 
internal friction (c and cp) limits its versatility. Presently 
available analyses are either two-dimensional, i.e. for penetration 
of a long blade, or follow along the lines of empirical correlations 
and dimensional analysis. Only recently have cone and wedge penetra­
tion resistances been expressed in terms of strength parameters 
(44). 
The cone is the most popular penetrometer and shape, but spheres 
and flat-ended cylinder shafts are claimed to be more effective for 
specific uses (6, 2). Not only does the shape of the penetrometer 
vary, the geometry such as the apex angle of cone and the size of 
sphere differ from one design to another. 
When a penetrometer is advanced into soil, stresses develop with­
in the soil mass until stresses reach the soil's maximum strength. 
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when, failure occurs. The developed failure pattern or slip-line 
field depends on the shape of the penetrometer as well as the soil 
properties. An analysis based on ideal plastic behavior is one way 
to predict soil penetration resistance from soil properties, but 
several important questions should be answered. First, does penetra­
tion induce near-plastic failure in the soil? If so, under what 
degree of penetration and what is the failure pattern? What influ­
ences do the shape and geometry of the penetrometer have on the 
failure mechanism? Are there other mechanisms involved in soil 
penetration? Does penetrometer shape relate to relative contributions 
of the soil c and cf) to penetration resistance? If so, can the basic 
soil strength parameters c and 4) be directly determined by penetration 
tests? 
The emphasis of the present research is on shape and roughness 
of penetrometer. The. primary objectives are as follows: 
1. To develop mathematical expressions to predict the force 
resisting penetration, in terms of basic soil strength parameters for 
different shapes of penetrometers. 
2. To test the theories by investigating the actual deformation 
mechanisms during penetration, relative to penetrometer shapes. 
3. To modify the original expression as necessary or to search 
for better ways to predict penetration resistance, taking into 
account the actual mechanisms observed. 
4. To investigate the possibility of directly evaluating soil 
strength parameters by penetration tests in the laboratory and the field. 
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5. To recommend penetrometer shapes and geometries that might 
give particular advantages for particular uses, or perhaps permit an 
approach to ideal plastic solutions. 
The scope of the study is limited to cohesive soils and static 
loading conditions on the surface of the soil. 
Another approach that could be used to analyze soil penetration 
is a limit analysis upper bound solution based on an assumed failure 
geometry and kinematic equilibrium (11). The present investigation 
follows a more classic and simpler approach for a lower bound 
solution based on boundary stress condition, yield criteria and 
static equilibrium. The upper and lower bound solutions may bracket 
the correct solution provided all assumptions are met, and approach 
one another as the assumed failure geometries are more realistic. 
Finite elerent modeling also may be used to analyze soil 
penetration, but presupposes very small deformations that are not 
consistent with penetration tests unless the element positions are 
continuously modified and rearranged. 
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LITERATURE REVIEW 
Probably the earliest soil penetration tester was the boot heel, 
used to investigate the terrain for the passage of horses or chariots. 
In 1846, Collin determined soil strength by pushing rods into the 
ground. He used a needle of 1.0 mm. in diameter, 1.0 kg. weight, 
to estimate the cohesion of different types of clay. 
In 1917, the Geotechnical Commission of the Swedish State Rail­
ways standardized the method of sounding by pushing a screw point, 
3.5 cm. diameter and 20.0 cm. long, with loading increments of 5, 15, 
25, 50, 75 and 100 kg. (35). A pocket penetrometer developed by 
Codskenson having 60° cone tip, helical compression springs, scaling 
rod and wood handle, with total length of 12.0 cm., was used to 
measure resisting force of clay (17) . The forces obtained from a spring 
scale were correlated to shearing resistance by means of experimentally 
derived formulas and graphs. The pocket penetrometer with similar 
features but having flat cylinder tip was introduced into this country 
in the 1950's, and is commercially available. 
Later developments in deep soil penetration testing include the 
Dutch cone (4), which sounds the soil layers by measuring both the 
resisting force on the tip as a measure of soil strength, and the re­
sisting force on a movable sleeve which follows the tip, as a measure 
of soil-to-steel friction. 
Strength properties of surface soils have been determined for 
specific purposes by various kinds of penetrometers such as California 
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Bearing Ratio Test (CBR) which uses a flat cylindrical rod (30), the 
North Dakota Cone penetrometer (5), and the sphere penetrometer (6). 
Numerous dynamic penetration tests have been devised and widely 
used. Most common is the Standard Penetration Test (ASTM Designation 
D 1586), which uses an open-ended sampler developed in 1927 by H. A. 
Mohr of the Cow Division of the Raymond Concrete Pile Co. (29). The 
alternative use of a solid drive cone offers the advantage of continu­
ous drive-sounding, results usually being expressed in blows of a 
standard hammer dropping a standard distance to advance the sampler 
or cone one foot. Since these are dynamic tests, they are outside 
the scope of the present work. 
The theory of static soil penetration testing is an adaptation 
of that used for metal indentation test for determining the hardness of 
metals, whereby a static load is applied through an indenter causing 
a permanent imprint on the metal surface. The amount of load and 
size of imprint relate to the hardness of the metal. The various 
shapes of indenters include spheres, cones, and pyramids. 
Prandtl (31) first provided a two-dimensional solution for 
resisting force for a smooth wedge indenter on weightless plastic 
material. He also suggested the possible geometry of the failure 
zone, which generally consists of radial slip lines and passive 
wedges. Hill (20) later modified Prandtl's solution by taking into 
account the heaving surface of material next to the wedge, which there­
fore predicts a greater area of contact but a smaller pressure for 
the same depth of penetration. 
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Terzaghi (39) studied soil bearing capacity and adapted Prandtl's 
slip line geometry to represent general soil failure under a flat, 
rough footing. The semi-empirical formula for bearing capacity 
developed by Terzaghi also considers the effects of soil weight, sur­
charge of soil above the footing level, and the deviation of the 
actual soil properties from the theoretical model. The Terzaghi 
bearing capacity for strip footing can be represented by 
YB q = cN + yDp N 4—— N 
^ c f q 2 Y 
where 
c = cohesion 
Y = unit weight of soil 
= depth of footing 
B = footing width 
N^,N^,N^ = bearing capacity factors dependent only on (J) • 
The bearing capacity factors and later were re-evaluated by 
many researchers and have not substantially varied from Terzaghi's, but 
differs because of the difference in selecting a geometry for the soil 
wedge under footing. Whereas Prandtl and others assumed a base angle 
45 + i)/2 for a growth footing, Terzaghi assumed a base angle é, and 
Meyerhof (24) let the base angle vary to a most critical value. Meyer-
hof (27) also extended the Terzaghi theory of bearing capacity for wedge-
shaped bases and cones and modified the bearing capacity factors. A 
theoretical analysis and numerical integration procedure were used. 
Cheatham (9) did an analytical study of two-dimensional rock 
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penetration by a single bit tooth. The infinitely long strip-wedge 
was analyzed based on the principles of equilibrium and Coulomb's 
yield criterion, the rock being weightless. The analytical equations 
for two extremes of roughness are: 
F = h a 4') 
O COS (J) 
tan e _28tan* _ tan gj 
for perfectly rough wedge surface, and 
(1 + sin <{)) e^  ^  ^- (1 - sin cp) F = h a 
o sin (p 
for perfectly smooth wedge surface, where 
F = penetrating force on wedge per unit length 
h = depth of penetration 
3 = half wedge angle (radian) 
Y = angle of internal friction of rock (degree) 
a = unconfined compressive strength of material = 2c ^ 
o 1-sin cp 
0 = g + + "l^ (radian) • 
The method for analyzing a dulled tip also was demonstrated. 
Gnirk and Cheatham (16) then studied the effects of wedge angle 
and confining pressure on penetrating force. The theoretical equations 
are similar as above but o is replaced by O which is ultimate 
o P 
strength of the rock at a particular confining pressure p. The con­
fining pressure and wedge angle were varied from 5000 - 15,000 psi 
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and 30° to 105® respectively. They found that force-displacement 
curves are approximately linear with confining pressure, and between 
the analytically predicted values for perfectly rough and smooth 
wedge surfaces. 
Cheatham (10) presented the theoretical analysis for two-
dimensional wedge penetration for intermediate friction on the wedge 
surface, but the solution is in a complicated foirm difficult to use 
in practice. 
Butt (6) studied surface soil bearing capacity using a spherical 
penetration device. He applied dimensional analysis and found that 
the size of sphere should have no effect on the force per contact 
area. Experimental data for various sizes of spheres showed linear 
curves for clays, which agreed with the analysis. (For sands, tests 
were non-linear.) The relation between spherical penetration values 
(which is the penetration force over contact area) and C.B.R. value, 
plate bearing test, unconfined compressive strength, and penetrating 
force on wedge had strong systematic correlations. A possible use of 
spherical penetration devices for pavement design was also mentioned. 
Richardson (34) studied spherical penetrations deeper in soil 
using a steel sphere to simulate stones which are pushed aside by 
plowing blades. He found that with increasing penetration the force 
rises towards a maximum limiting value. The empirical equation used 
to describe the resisting force is, 
F = A + 
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where L/R = dimensionless depth of penetration measured in sphere 
radii 
A,B and k = adjustable parameters 
Dexter and Tanner (13) extended Richardson's work by studying 
the effect of the speed on penetration, the surface friction and 
the size of the sphere. They concluded that a) a higher speed of 
penetration normally increases the maximum limiting force except in 
sandy loam, b) the roughness of sphere surface increases the maximum 
forces, c) the maximum force increases linearly to the square of 
radius. 
Yong, Chen and Sylvester-Williams (45) studied the mechanics of cone 
and wedge penetration and the relation to soil-wheel interaction. They 
mentioned that the energy transferred to soil from a vehicle wheel 
is dissipated in two forms; 
a) deformation energy losses relating to subsoil distortion 
and volume change and, 
b) interfacial energy losses due to slip effects and high soil 
distortions at the contacting surface. 
The experimental results on sand (c = 0) and clay (cj) = 0) show 
good agreement with the prediction. An increase of 10 percent in 
penetrating force was observed in clay for every order of increase 
in strain rate, but strain rate had no significant effect on sand. 
Yong and Chen (44) used the technique of limit analysis to 
analyze cone penetration for granular and cohesive soils. The analysis 
showed that stress discontinuities occur in the deforming stress zone 
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when cone apex angles reach about 60° or more. The experimental 
results for cones with varying apex angle were found to match pre­
dicted values. 
Butterfield and Andrawes (7) investigated the behavior of 
plane strain penetration of a 60° wedge in sand prepared at different 
porosities. Pressure cells were installed to measure stress distri­
bution along the wedge cross section. The data showed a continuous 
exponential curve of force versus deformation for loose sand, and 
a stepped curve for dense sand. Sequential photographs were viewed 
as simulated stress-pairs to detect formation and jump of discrete stip-
lines in the dense sand, which may explain the stepped curve. 
Wang and Lehnhoff (41) applied the finite element method to rock 
penetration by a blunt point, wedge, and cylindrical bits. The 
results for a blunt point were in reasonable agreement with experiment 
data on limestone. The program simulates plane strain and non­
linear material properties. 
Baligh and Scott (1) studied the deep penetration in clay by 
wedges of different angles. Their theoretical analysis assumed rigid-
plastic stress-strain relations of the soil, and they concluded: 
1) The cutting mechanism assumed by theory was found to take place 
for sharp wedges, but the wider the wedge angle the more the dis­
crepancy between theory and experiment, and 2) a blunt wedge having 
a half angle of 45° or more mobilized a rigid region in clay that 
moved with the wedge such that the deformation involved compression 
of soil around the wedge. 
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Handy, Pitt, Engle and Klockow (18) measured the penetration of 60° 
angle wedges that form the teeth for an in situ rock strength tester. 
On neat cement, siltstone and coal they found that the experimental 
data fell between theoretical smooth and rough equations described 
by Cheatham. 
12 
THEORETICAL ANALYSIS 
Theoretical Background 
Failure theory 
The strength of geological materials; i.e., soil and rock, has 
been described by many failure theories. The one most widely used 
by engineers and used in this analysis is that of the French military 
engineer and scientist C. A. Coulomb, who in the 18th Century pro­
posed that shearing strength resisting sliding along a failure plane 
consists of two components, cohesion and friction. For a given 
material the cohesion, which involves physicochemical interaction 
between micropartides, is normally constant, whereas the frictional 
resistance depends on the stress acting normal to the failure plane. 
The direct shear test, as shown on Figure 1, is a simple example 
to demonstrate Coulomb's Theory. A soil sample. Figure 1(a), sub­
jected to a normal force N, requires a shearing force F to initiate 
sliding along a shear plane. The typical relations between shearing 
force and horizontal deformation at various values of normal forces 
are shown on Figure 1(b). If maximum shearing stresses (shearing 
forces F^, F^, and F^ per unit area) are plotted versus normal stresses, 
there generally developes a straight line relation. Figure 1(c), 
which may be expressed as; 
T = c + a tan 4) (1) 
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UNDER N 
UNDER N 
•UNDER N 
A = SHEARING AREA 
T 
( c )  
Figure 1. Soil scrength and Coulomb's failure envelope 
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where 
T = shear strength 
c = cohesion 
a = normal stress 
cj) = angle of internal friction . 
Stress system and Mohr's diagram 
Otto Mohr (1882) developed a very useful way to graphically repre­
sent the state of stresses acting on a material element. He showed 
that any known equilibrium stress system on an element can be 
represented by a circle on a - x coordinates, from which the stresses 
on any other planes become known. Mohr circles often are used to 
represent a failure stress condition, in which case there are 
important relations to Coulomb's failure envelope. These are summa­
rized by Lambe and Whitman (22) as: 
1. If the Mohr circle for a given state of stress lies entirely 
below the failure envelope for a soil, then the soil vjill be stable 
for that state of stress. 
2. If the Mohr circle is just tangent to the envelope, then the 
full strength of soil has been reached on some plane through the 
soil. The plane is called a "failure plane" and the shear stresses 
on that plane are "failure shearing stresses". 
3. It is not possible to have within a soil a state of stress 
whose Mohr circle crosses the envelope for that soil. 
Thus if a soil element. Figure 2(a), is subjected to principal 
15 
(b) 
Figure 2. Stress system and Mohr's diagram 
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stresses and CJ^ which initiate a failure condition, and can 
be represented by the Mohr circle of Figure 2(b). The stresses on 
any plane can be determined by drawing a line DE parallel to the 
plane on which acts (or line CE may be drawn parallel to the 
plane of G^). Point E is called the "Origin of Planes", which has 
the following properties; a line from E to any point on Mohr circle 
is parallel to the plane on which the acting stresses are given by 
the coordinates of that point. For example, the coordinates of G 
give the values of stresses on plane e-g. Figure 2(a), which make 0 
angle to plane of cr^. The same way point E, which is the intersect 
of Mohr circle and failure envelope, has the coordinate of failure 
shear stress and normal stress and line EF is parallel to failure 
plane e-f. 
Wedge Penetration 
When a wedge penetrates into a semi-infinite soil mass, plastic 
failure and permanent deformation occur. The slip-line field proposed 
by Prandtl (31) consists of a soil driving wedge adjacent to and mobi­
lized by the penetrating wedge, then joining to a logarithmic-spiral^, 
^Logarithmic-spiral, later called log spiral: The equation of a 
log spiral is 
6tan é 
r = r e 
o 
where r = initial radius 
o 
0 = rotation angle from initial radius (radians) 
Ç = an%le from the normal of log spiral to the radius, which can 
be shown lo equal the soil angle of internal friction. 
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and a soil passive wedge on the surface as shown on Figure 3. 
The shape of the driving wedge depends on the roughness of the 
2 penetrating wedge surface. In the case of a perfectly rough surface , 
4)g ^ (J) no driving wedge is formed because full shear strength can 
develop on the penetrating wedge surface, and the log spiral shear 
lines are extended from the wedge surface. Figure 4. For a perfectly 
smooth surface, = 0, Figure 5, no shear stress can be transmitted 
from the wedge to the soil, and the penetrating wedge surface becomes 
a major principal plane. The driving wedge of soil is fully formed 
between the wedge surface and the log spiral. In the case of an 
intermediate rough surface, 0 < < (j). Figure 6, part of the shear 
stress can be transmitted to adjacent soil so that the driving wedge 
is partially formed. The apex angle a on the driving wedge is constant 
regardless of values of (j)^, to provide continuity of slip lines from 
the driving wedge to the log spiral. 
Intermediate rough wedge penetration 
Since the size of the soil driving wedge depends on roughness of 
the penetrating wedge, assumptions concerning the geometry of the 
driving wedge. Figure 7, can be drawn as follows: 
^s 1. Angle ij; is proportional to the ratio of —, so that when 
Og = 0 (perfectly smooth) then ip = ^  + -^ , but when = cp 
(perfectly rough) angle V = 0. Then can be expressed as, 
• = (1 - + f) (2) 
(pg = angle of friction of soil and wedge surface. 
a 
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2. The angle a = -^ - ({> = constant (3) 
regardless of value of (J)^. Then the locus of point D is arc ADB 
on the circle enclosing the fully formed driving wedge ABC. 
According to the geometry on Figure 7 the angle 
( ! 4 ) .  < ^ )  
and angle BCG = IT - " 6 j " ^ ^  (5) 
Cheatham (9) applied Coulomb's failure theory to the differential 
equations of element equilibrium in cylindrical coordinates and solved 
for shear stress on radial slip-line on log spiral portion. The 
results are 
= c (1 + sin (})) e^^® 5)tan (j) (6) 
Tq = shearing stress on the radial slip-line 
U 
c,({) = material cohesion and angle of internal friction 
9 = angle from horizontal surface to the radial slip-line 
6 = angle of material passive wedge ~ ~ 2" ' 
and the corresponding major and minor principal stresses are 
r (1 + sin t) . * 1 
1 tan* [ 1 - sin ^  J 
24 
r 2(6-6) tan cj) -j 
In the case of the intermediate rough surface, it can be seen 
from Figure 7 that 
il /i + 
4 )  [ ^  2 /  (8 - 5) = w + 6 = g + T t (9) 
and 
4) 
2 (0 - Ô) tan# = 2 6 + r (M)] . tan (J). (10) 
Since and are known quantities, a Mohr diagram Figure 8(b) 
can be constructed, and stresses on the penetrating wedge surface can 
be solved in terms of principal stresses as; 
G. , a a a 
a = cos 2 oj (11) 
w z z 
C. _ a 
T = sin 2 w . (12) 
U) / 
From Figure 8(a), the equilibrium of vertical forces gives, 
F = 2H (0 . tan & + T ). (13) 
W CO 
By substituting equation (11) and (12) into (13), 
F = H (a^ + a^).tanB + (o^ - a^)(cos 2w tanB + sin 2w). (14) 
Substitution of equation (7), (8) and (10) into (14) gives the 
25 
Figure 8. Mohr diagram of stresses on the wedge surface 
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penetrating force per unit length on an intermediate rough wedge as 
tan$ 
2 (tan3 + sinQ cos w. tang + sin#, sin 2w). ^  
where 
1 - sin <p 
- tan B 
F = penetrating force per unit length. 
(15) 
" 4  M  
and B=2 (6 + u). tan 
Iterative adjustment 
Equation (15) is strictly based on the assumptions stated in 
equations (2) and (3). If the assumptions are correct, point N on 
Figure 8(b) will be the intersect of a Mohr Circle and the friction 
envelope for the wedge surface. Figure 9 shows the Mohr diagram 
derived from c = 10 psi, 4) = 30° and c})^ = 15°. Point is not 
on the friction envelope of = 15°, which must be corrected. 
Since and w are all interrelated, no direct correlation 
can be made to one without affecting the other terms. An iterative 
method is the simplest way to obtain the correct solution by following 
steps: 
First, the adhesion between wedge and soil is neglected (c^ = o). 
Step 1 Assume ^ (^ + ^ ) as in the previous analysis; 
then equation (9) becomes 
Figure 9. Mohr diagram for iterative method 
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(8 - 5) = w + g (16) 
Step II Find O and T by a Mohr diagram as given by equations to w 
(11) and (12): 
a + a a a 
On _ Cf„ 
T^ l = 2 ^^ 1 (18) 
Step III Check <})^ and adjust from Figure 9. 
4) = tan 1 (19) 
wl 
Then replace by 
^2 = - (*g^ - 4)g) (20) 
and repeat Steps I to III until consecutive solutions for cj)^ agree. 
'^ si s^(i + 1) (21) 
Then substitute a . and T . into equation (13) to obtain (jjl 031 
F^ = 2H (tan 3 + tan (f)^) (22) 
which is the actual solution. 
The iterative method provides the flexibility to vary the value 
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of such as, when c^ = constant, then equation (19) becomes 
31 tan (23) 
Since c^ = a tan (p^ (a = intrinsic stress, or negative intercept of 
the shear envelope on the a axis), equation (19) becomes 
(24) 
Simplified method 
By plotting on a log scale the normal stresses on a wedge 
surface, O^, obtained from the iterative solution for any set of c, 
6; and ({)g values, versus the half wedge angle, 3> some interesting 
properties can be seen, as shown on Figure 10. 
1. The plots are almost straight-line except when g < 25°. 
2. The normal stresses are in direct proportion to cohesion 
such that when cohesion is doubled, the normal stress also 
is doubled provided that other parameters are the same. 
3. The line for a higher 4) has a lower slope. 
These above properties allow a significant simplification. If 
the curves are approximated by straight lines for the whole practical 
range of 6, then for a certain (|) and (b^, the normal stress on wedge 
surface can be written as 
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a = ce" 3 (B/X + log o^) (25) 
w 
where 6 = half wedge angle (degrees) 
X = slope of approximated straight line or change of 
degree per logarithmic cycle of normal stress (degrees) 
= normal stress at 3=0°, or intercept of the 
approximated line on the normal stress axis (psi) 
c = soil cohesion (psi) 
Table 1, Figure 11 and Figure 12 show the values of X and O^. 
Equation (22) then becomes 
F^ = 2cH (tan B + tan (jj^) e^*^ log (26) 
The following example shows how the force/unit length can be 
calculated by the simplified method: 
For 0 = 5 psi, cji = 30°, (J)^ = 20°, 3 = 30° and H = 2 in., from 
Table 1, X = 104.144, o = 6.432 
Then 
Fg = 2(5) (2) (tan 30° + tan 20°) e^'^C 104.144 6.432) 
= 234 lb. 
A comparison of the resisting forces/unit length calculated 
from the first approximate, iterative, and simplified methods are 
shown on Figure 13. The last two are in exceptionally close agree­
ment. The largest difference is less than 2%, when g = 45°, = 30°, 
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Table 1. Values of A and a 
toû 
Soil-steel Soil friction angles 
friction 
angles 50° 45° 40° 35° 30' 
0° 54.571^ 64.287 75.233 87.691 102.010 
5.986 5.330 4.793 4.341 3.952 
5° 54.595 64.328 75.304 87.809 102.201 
7.555 6.535 5.741 5.100 4.569 
10° 54.649 64.427 75.477 88.099 102.682 
9.395 7.897 6.773 5.207 4.628 
15° 54.718 64.556 75.706 88.494 103.351 
11.500 9.393 7.877 6.734 5.118 
20° 54.791 64.698 75.954 88.949 104.144 
13.842 10.983 8.997 7.542 6.432 
25° 54.863 64.839 76.230 89.437 105.042 
16.366 12.610 10.085 8.285 6.942 
30° 54.930 64.978 76.500 89.958 106.144 
18.984 14.196 11.075 8.906 7.322 
35° 54.992 65.111 76.774 90.590 
21.568 15.638 11.884 9.333 
40° 55.049 65.239 77.104 
23.936 16.800 12.396 
45° 55.101 65.394 
25.840 17.482 
50° 55.163 
26.893 
a The upper value is X (degrees) and the lower value is (psi). 
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25° 20° 15° 10° . 5° 
118.631 
3.612 
118.940 
4.628 
119.732 
4.628 
120.862 
5.118 
122.265 
5.556 
138.126 
3.309 
138.626 
3.726 
139.932 
4.139 
141.869 
4.522 
144.480 
4.847 
161.241 
3.036 
162.052 
3.382 
164.236 
3.713 
167.682 
4.019 
188.963 
2.787 
190.300 
3.076 
194.054 
3.335 
222.632 
2.558 
224.884 
2.800 
124.036 
5.905 
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c = 10°, * = 30°, and H = 1". 
Penetration of Long Cylinder 
The simplified method for calculating wedge penetration forces 
allows further analysis for penetration of various shapes. A long 
cylinder. Figure 14, is a plane strain problem if the end effect 
is neglected. The area element "dA" is subjected to two stress 
components and The amount of normal stress and shearing 
stress from equation (25) can be written as 
where 0 = angle about center of cylinder, measuring from horizontal 
to the location of dA. 
The total vertical force on area dA is 
o . c.eZ-]': I + (27) 
w 
T = a . tan (b 
w s 
(28) 
dF = a . (sin 0 + cos 0 tan d) ) dA (29) 
Substitution of equation (27) into (29) gives 
dF = c.e^'^^A ^ [sin 0 + cos 0.tan * ] R.dG (30) 
Integration of equation (30) along arc ABC gives the total 
penetrating force as 
33 
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riyure ] A. Lon^*; cylinder pcrii'tration 
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7T 
F = ZC.R.e^'S ^ (sine + cosB. tan <j) ) 
•^6 
9 7 û / "v 
.e~ ''\de (31) 
F = Z.C.R.e— |- + tan (j) ) - sin g) 
(K3- +1) ® 
+ cos 6 (1 - k3 tan ct)^) ] (32) 
where Kl = 2.3 — + log a 
K2 = ^  (^ - 3) 
X ^ 
<3 = 
X 
g = sin-1 iBgil 
The details of derivation of equations (31) and (32) are given 
in APPENDIX A. 
Penetration of Rounded Tip Wedge 
The penetrating force on a rounded tip wedge represents the 
combined forces for a cylinder and a wedge. Figure 15 shows the 
geometry of a rounded tip wedge for which the following quantities 
are known: 
H = actual depth of penetration 
= missing depth of complete wedge 
S = half wedge angle 
40 
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Figure 15. Rounded tip wedge penetration 
The radius of rounded tip is 
H . sin 3 
o (33) R 
(L-sin 3) 
The depth of penetration on rounded tip is 
= H sin 6 
K o 
(34) 
The depth of penetration of the flat portions of the wedge is 
H = H 
w 
H = H - H sin g 
R o 
(35) 
The penetrating force carried by the round tip and by the wedge 
is given by equations (32) and (26) respectively, the radius of the 
cylinder and the depth of penetration for the wedge being given by 
equations (33) and (35), 
= force on wedge (see APPENDIX B.) 
Penetration of Blunt Wedge 
The penetrating force on a blunt wedge is in effect a combination 
of the forces on a wedge with two different angles. Figure 16 shows the 
geometry of blunt wedge for which the following quantities are known: 
The total penetrating force on a rounded tip wedge is 
(36) 
where F^ = force on rounded tip (see APPENDIX B.) 
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H = actual depth of penetration 
= missing depth of complete wedge 
S = half wedge angle 
Then the width of the blunt point is given as 
B = 2H . sin g (37) 
o 
The force on a blunt point then equals width B times the normal 
stress from equation (25) when 3 = 90°. 
The force on the wedge portion is given by equation (26) with 
the depth of penetration equal to H. 
The total penetrating force on a blunt wedge is 
fr - fB + ''H < 
where F = force on blunt point (see APPENDIX C.) 
D 
The penetrating force on a cone is derived from revolving a wedge 
about the vertical axis as shown on Figure 17. The area element "dA" 
is subjected to the same normal and shearing stresses shown in 
equations (27) and (28). The total vertical force on area dA is 
Fy = iorce on wedge portion (see APPENDIX C.) 
dF = 0 . (sin B + cos 3. tan ij) ) dA (39) 
Substitution of equation (27) into (39) gives 
(40) 
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Integration of equation (40) for the total contact surface gives 
a penetrating force, 
_2 TT H 
F = c.e^^ (tan B + tan (})^) tan B / / h.dh.dp // 
o o 
F = TTc.e'^^ (tan B tan (}) ) tan (41) 
where = 2.3 (B/X - log a^^) 
Sphere Penetration 
Penetration of a sphere is a symmetrical case of cylinder 
penetration and is shown by Figure 18. The vertical force on area dA 
is. 
dF = (sin0 + COS0. tan (j)^) dA (42) 
Substitution of 0^ from equation (27) and integration over the 
contact surface gives the penetrating force on a sphere as 
2 ^ 
F = 2.c.0^g.R / 1 (sin9. cos0 + cos^0. tan cj)^) 
° 6 
.e2-^®/".de.dp (43) 
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Figure 18. Sphere penetration 
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IT 
(K3^ + 4) 
(1 + tan (j>g)e^ sin 26 (-y + tan^g)-
t/O 
cos 2g (1 —2' tan (|i^) + (44) 
o 2.3 
where k3 = 
K4 = 2.3 (-^  + log a^ ) 
The details of derivation of equation (43) are given in APPENDIX D. 
The adhesion and friction angle of a penetrometer surface to soil 
usually vary over the small range which may be controlled or 
determined from laboratory tests. Then the soil cohesion and angle 
of internal friction could possibly be measured in the field by two 
wedges or cones of different angles. The procedure would involve 
the following steps: 
1. Two penetrating forces are measured from a set of wedges 
or cones at the same depth of penetration. Let us assume that a 
set of wedge penetrations gives the forces penetrating force 
and F2 for wedges of the angles 26^ and 262» respectively. Then 
from equation (26), the following equations can be written: 
Determination of Strength Parameters by Penetration 
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= 2.C.0^.H (tan + tan * ).e2'3 ( 
F = 2C.a .H. (tan S_ + tan # ).e 2.3 BL/X ( 
2. A simultaneous solution of equations (45) and (46) for X 
gives 
X = 
2.3 (B^ - 6%) 
In 
(tan + tan 4)^) .F^ 
(tan + tan c})^) .F^ 
A similar solution for a set of cones gives 
2.3 (B^ - Bg) 
In 
tan pg (tan + Lan 4>^) |  
tan 6^ (tan + tan (j)^) F^ 
3. Read off t|) from Figure 12 for a known X and <f)^. Thus is 
determined. 
4. Read off a from Figure 11 for a known é and d). 
wo s 
5. Substitute values of 6 , X, and a back in equation 
s wo 
(45) or (46) and solve for cohesion c. 
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Summary of Theoretical Investigation 
By manipulation of Prandtl's solutions for penetrations of rough 
or smooth wedges into soil the solution is extended to intermediate 
semi-rough or semi-smooth wedges. Trial solutions of the resulting 
equations presented a simple linear approximation for penetrating 
force as a function of wedge angle. Since this relationship is 
linear, it could readily be integrated to give solutions for rounded 
tip and blunt tip wedges and for cylinders laid on their side and 
pressed into soil. A second type of integration also was performed 
involving revolution about a vertical axis to give penetrating forces 
for cones and for spheres, two of the most common penetrometer shapes. 
A plate or flat-ended rod penetrometer represents a special case of 
a cone with an apical angle of 180°. Finally, it is shown that if 
the theory is correct, penetration measurements with two different 
wedge or cone angles should separably define the soil cohesion and 
internal friction angle. Actual utilization of this method to 
measure soil c and (Ji may be impractical because of lack of sensitivity 
of the method, but the analysis, if valid, is valuable for optimizing 
the penetrometer shape and surface roughness to emphasize the contri­
bution of one or the other. 
Finally, it must be emphasized that the several solutions pro­
posed can be expected to describe reality only as the assumed failure 
conditions approximate reality. The Mohr-Coulomb theories utilized 
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in the derivations have a long history of trial and almost universal 
acceptance, but the failure geometries of Figure 3 through 6 are 
approximations based on weightless soil and ideal plastic behavior. 
Nevertheless comparative calculations for other more-or-less similar 
geometries and other methods of analysis reported in the literature 
usually give differences of + 20 percent cat less. When real soil 
properties are entered the problem becomes indeterminant, and solutions 
as by physical or finite element modeling became case-specific. Thus 
a prediction of the order of + 20 percent should be acceptable. 
Perhaps the most serious new problem raised is use of 
the integration procedures, which necessarily involves an assumption 
that at failure the slip line field of Figure 6 distorts to follow 
around the penetrometer surface at a uniform angle ijj, regardless of 
the shape of the penetrometer, and that penetrometer shape and hence 
confining stresses developed in soil under the contact do not 
influence soil behavior, which is assumed to be ideally plastic. VJs 
may anticipate that the derived relationships will decrease in 
accuracy as confining stresses increase and the soil becomes com­
pressible, i.e. for blunt wedges or cones or rods, or for the area 
under the central axis of a sphere or side-penetrating cylinder. 
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EXPERIMENTAL INVESTIGATION 
Displacement Model Test 
The previous theoretical analyses are necessarily based on several 
assumptions; 
1. The failure condition of the material obeys Coulomb's theory, 
2. The failure boundary follows Prandtl's slip-line pattern, 
3. The material is rigid-plastic, with no significant deforma­
tion before failure. 
The validity of the theoretical expression thus depends on how 
closely the assumptions represent the actual behavior. The first 
assumption had been practically demonstrated, accepted, and widely 
used in soil and rock engineering fields for many years. The last 
two assumptions will be tested by displacement models in which the 
actual soil deformations will be recorded continuously under penetrating 
loads. 
For two dimensional viewing, rectangular prism soil samples held 
in plane strain were penetrated by 30°, 60°, and 90" wedges, and 1" 
and 2" diameter cylinders. The penetrometers are shown on Figure 19a. 
Even though cone and sphere penetrations are 3-dimensional problems, 
they also are axisymmetrical cases of wedge and cylinder penetration. 
The deformation patterns on the plane through the centerlines of a 
cone or a sphere are expected to be the same as those of a wedge or 
a cylinder, respectively. 
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Materials 
The displacement model tests were conducted on the following 
materials: 
1. remolded modeling clay, designated MC, 
2. compacted Shelby soil, designated SB, 
3. compacted Ottawa sand, designated OS, 
4. compacted Monona soil, designated IdN . 
The modeling clay is commercial sculpture material, highly plastic 
and oil saturated. The unconfined compressive strength reported by 
2 Baligh and Scott (2) is between 1.0 - 1.25 kg/cm at 5% strain. The 
strength parameters c and 4) from triaxial tests reported by Fox, 
Barkdale, Handy and Trott (14) are 3 psi and 4°, respectively. The 
predominant clay mineral is kaolinite. 
The Shelby soil is a silty clay developed in oxidized and 
leached Kansan till. Monona soil is a silty clay loam developed in 
calcareous loess. A summary of physical properties of Shelby and 
Monona soils is presented in Table 2. 
Apparatus 
The equipment set-up is shown in Figure 19b, and consists of 
a displacement box and loading frame. The box is made of 1 in. thick 
aluminum, with a 1 in. thick plexiglass front and is bolted together 
for ready disassembly for sample preparation. The inside dimensions 
of the box are 3 x 3 x 11,25 in. The loading machine is a Fairbanks-
Morse platform dead load scale with an accuracy of + .5 lb. 
Figure 19. Displacement model test; penetrometers and set-up 
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Table 2. Physical properties of Shelby and Monona soils 
Properties 
Monona 
Sioux City, 
Iowa 
Shelby 
Knoxville, 
Iowa 
Horizon sampled 
Textural Composition, % 
Gravel (>4.76 mm,) 
Sand (4.76 - 0.074 mm.) 
Silt (0.074 - 0.005 mm.) 
Clay (<0.005 mm.) 
Colloids (<0.001 mm.) 
Physical Properties: 
Liquid limit, % 
Plastic limit, % 
Plasticity index, % 
Specific gravity 
Classification; 
Textural 
Engr. AASHTO 
Predominant clay minerals 
Other clay minerals 
B/C 
0.0  
0 . 6  
78.4 
21.0 
17.0 
32 
26 
6 
2.71 
Silty clay loam 
A-4 (8) 
Montmorillonite 
Illite^ 
Kaolinite^ 
B/C 
0 . 0  
2 . 6  
57.4 
40.0 
34.1 
54 
32 
22 
2.70 
Silty clay 
A-7-5 (15) 
Montmorillonite 
Illite" 
Kaolinite^ 
Geological description Loess, 
calcareous 
Kansan Till, 
oxidized, 
leached 
^Indicated clay mineral present in small amount. 
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The 35 mm single lens reflex camera is used to record the soil 
deformations. It is mounted to the scale platform so that no relative 
movement can take place between the camera and the displacement box. 
Sample preparations 
Table 3 presents the method of compaction, average densities, 
and water contents for the soil samples. 
Table 3. Sample preparation for displacement model test 
Samples Method of Compaction Average Density Average Moisture 
(pcf ) Content 
Total Dry (%) 
MC-11-15 Kneading and static 97.7 - -
SB-11-15 Static 126.4 107.1 18.00 
SB-21-25 I t  101.8 84.8 20.05 
SB-41-45 I t  108.3 93.7 15.58 
SB-61-65 " 114.7 93.0 23.31 
OS-li-15 Vibration 106.2 106.2 Dry 
MN-12 and 14 Static 124.40 106.1 17.19 
The samples were transferred from compaction molds except that the 
Ottawa sand and the modeling clay were compacted in the displace­
ment box. The in. dia. steel balls were placed at 1 cm spacing 
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on grid points on the front of the samples. A template was used to 
provide an accurate spacing; then the Plexiglass front was bolted 
on. 
Testing procedures 
The penetrometers were pushed down at the mid-length of the 
samples, and resisting forces were recorded at every 0.1 in.^ 
penetration up to 1.6 in. Photographs were also taken at the same 
penetration intervals, which created multi-exposure images showing 
the movements of the grid points. 
Another technique, reported by Butterfield, Harkness and 
Andrawes (8), was attempted by taking individual photographs at each 
penetration increment. Viewed stereoscopically, a pair of successive 
photographs then shows a stereo-image related to the movement of soil 
particles; the farther they move, the greater the "depth" perceived. 
This method does not require grid points so long as the sample 
shows distinctive cones between particles. The method was not 
applicable to the modeling clay. 
Penetration of Proctor Samples 
Penetration tests were performed on 1/30 - cubic foot Proctor 
samples in order to check the following: 
1. The general behavior of cone and of sphere penetrations. 
2. The application of penetration tests as a direct method 
^For some samples, the forces were recorded at 0.025 and 0.05 
in. intervals. 
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to evaluate soil parameters in the laboratory. 
3. The relation of cone and sphere penetration to soil density 
and water content. 
The materials used for the Proctor sample test were modeling clay 
and Shelby soil. 
Apparatus 
The penetrometers and equipment set-up are shown on Figure 20 . 
A motorized California Bearing Rate machine with 0.1 in./min strain 
rate was adapted for the test. The 30° and 60° cones, and the 1, 
and 1.5 in. diameter spheres were the test penetrometers. 
Sample preparation and testing 
The modeling clay was kneaded and statically compacted into the 
Proctor mold, to reduce air voids inside the sample. The Shelby 
soil was compacted at standard Proctor conditions under the five 
control water contents. Densities and water contents were determined 
for every soil sample. 
The cone and sphere penetrometers were loaded at the center of 
the sample and resisting forces were recorded at every 0.05 in. to 
about 1.5 in. penetration. 
Soil-Steel Friction Test 
Direct soil-steel friction tests were performed using a 45° 
wedge field penetrometer as shown in Figure 21. A normal load (N) 
was applied and the shearing force (F) increased until a slipping 
movement occurred between soil and wedge. Figure 22 shows the 
a) b) 
Figure 20. Proctor sample test; penetrometers and set-
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Figure 21. Schematic of soil-steel friction test 
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results from Shelby soil, modeling clay and Ottawa sand. 
Field Test 
Field tests were attempted primarily to see what problems might 
arise from penetration testing under field conditions, to determine 
in situ shear strength parameters. 
Description of soils 
Two types of soil were tested. Clarion loam and a silty sand. 
The Clarion is derived from calcarious glacial till, located west 
of Ames on Iowa State University farm. The silty sand is on a 
county road near Alburnett, Linn County, Iowa. Physical properties 
of the tested soil are summarized on Table 4. 
Table 4. Properties of field tested soils 
Properties Clarion soil Silty sand 
Textural composition, % 
Gravel (>4.76 ram.) 
Sand (4.76-0.074 mm.) 
Silt (0.074-0.005 mm.) 
Clay (<0.005 mm.) 
40.7 
2^.3 
30.4  
0 . 0  
84.2  
14.5 
0.0 
1.3 
Dry density, pcf. 95.4 104.2 
Field water content, % 2 2 . 0  
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Field penetrometers 
The field penetrometers are shown in Figure 23a: 30° and 45° 
wedges 12 in. long, 30° and 60° cones, and a 6 inch diameter sphere. 
Loading was with a 10,000 lb. hydraulic jack mounted at the back of . 
a load test truck. Figure 23b. 
Penetrations were measured by use of a dial gage attached to a 
cantilever arm from five feet away to avoid local surface deformations 
around the penetrometer. 
Test procedure 
The top six inches of desiccated soil was removed and the area 
was leveled. The penetrometer was set vertically below the jack; an 
initial seating load was applied and the dial gage was zeroed. A 
load increment of 220 lb was applied by the jack, and the penetration 
was recorded when the gage was steady. 
Figure 23. Field test; penetrometers and set-up 
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PRESENTATION AND DISCUSSION OF RESULTS 
Saturated Cohesive Soil 
(Modeling Clay) 
Displacement model test 
The Figures 24 to 27 are photographs showing the progressive 
deformation of modeling clay during penetration tests. Below are 
shown corresponding vector fields. The continuous points on the 
photograph represent the positions of grid balls after every 0.1 in. 
penetration for the wedges and 0.05 in. for the cylinders. 
No discrete failure boundaries were observed during 0-1.6 in. 
penetration, perhaps because of the highly plastic remoldable nature of 
the modeling clay. The movement along selected vertical planes during 
the last 0.4 in. of penetration was plotted vs. depth. Figure 28, 
the slopes of the curves representing shearing strains. The point 
on each curve where an abrupt change in slope occurs may be defined 
as a failure plane, but most of the curves are smooth. An exception 
is the 60" wedge, where two curves show changes of slope, both occurring 
at about 0.05 in. movement. Therefore the contour showing 0.05 in. 
movement was more-or-less arbitrarily taken as the failure boundary 
for every case with the modeling clay. 
The theoretical failure boundaries were established based on 
modified Prandtl slip-line theory as mentioned before- The parameters 
(p and needed to establish the slip-line geometry were obtained 
from the soil-to-steel friction and from the wedge penetration data. 
30 U)ED6E , S0IOOTH , mODEUWG CUW 
1 CM. 
Figure 24. Soil deformation and vector field under 30° wedge 
penetration on modeling clay 
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figure 25. Soil deformation and vector field under 60® wedge 
penetration on modeling clay 
Figure 26. Soil deformation and vector field under 90° wedge 
penetration on modeling clay 
Figure 27. Soil deformation and vector field under 2.0 in. dia. 
cylinder penetration on modeling clay 
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Figure 28. Soil movement al ong selected planes in modeling clay 
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as will be described later. A similarity in patterns and reasonable 
agreement between experimental (based on 0-05 in. movement) and 
theoretical failure boundaries can be seen in Figures 24 to 27. Move­
ments outside of the defined failure boundary probably represent a 
transition, but for the purposes of the analysis may be considered 
as elastic deformation. In the figures it is simply labelled 
"disturbed zone". Generally the disturbed zone was larger from 
penetration of the larger angle wedge and the cylinder. 
Force-penetration relation 
Wedge The plot of resisting force on the penetrometer versus 
the depth of penetration is sometimes called a "penetration curve". 
Typical penetration curves of the wedges are shown in Figure 29. 
These are not exactly straight lines as predicted by the mathematical 
expression, but rather curve upward. This may be because of the 
deepening failure zone boundaries and increasing transitional or dis­
turbed zone as penetration goes deeper, and perhaps restriction of 
movement by the rigid, unyielding boundary at a depth of 3 in. The 
early portions of the curves therefore were used in evaluation of the 
strength parameters. 
The method of evaluating c and t{) from results of tests with 
pairs of wedges was illustrated in APPENDIX G. Results calculated 
from different wedge pair combinations are shown in Figure 30. The 
values show the best agreement at the penetrations between 0.5 and 
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Figure 29. Penetration curves for wedges on modeling clay 
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I'igure 30. Soil strength parameters for modeling clay from 
wedge and cone penetrations 
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and 0.8 in., with every close agreement at 0.6 in. penetration, as 
presented in Table 5. 
Table 5. Basic soil parameters for modeling clay by wedge penetration 
Wedge angles cohesion 
(degree) (psi) (degree) 
30°-60° 2.87* 24.8 
60°-90° 2.93 24.2 
30°-90° 2.90 24.5 
^The calculations are based on soil-steel friction = 10.5° 
The average cj) angle obtained from wedge penetration is many times 
higher than the values reported from triaxial tests and K-Tests, which 
are between 4° to 6°. This discrepancy is believed due to the 
following reasons: 
1. The penetration test operates under very low confining 
pressure, such that the clay may tend to shear as clusters 
or aggregates rather than as individual particles. 
2. The elastic zone is increased as the wedge angle increases 
and giving a higher resisting force. 
3. The boundary of the penetration box has a larger confining 
effect with larger wedge angles. 
The values of cohesion from triaxial tests was reported to be about 
3 psi, which agrees with the average of 2.9 psi from penetration test. 
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Cylinder Figures 31 and 32 present penetration curves for 1.0 
and 2.0 in. diameter cylinders in modeling clay. The theoretical 
curves were evaluated from equation (32) using $ = 24.6°, = 10.5° 
and c = 2.9 psi, and predict higher resisting forces that were 
approached as penetration progressed. The experimental curves show 
straight-line portions at penetration depths less than 15 to 20 percent 
of the diameter, which suggests two possible phenomena: 
1. The elastic state of stress occurred at small penetration 
and gradually developed into a plastic state. 
2. The mechanism during penetration was not controlled by the 
cylindrical shape but by a wedge of clay forming beneath the 
cylinder and moving along with the penetrometer. 
An evidence supporting the latter idea is that the vector fields for 
the 60° wedge and for the 2 in. diameter cylinder. Figures 25 and 27, 
are very similar, both in direction and in magnitude. 
A modification of theoretical prediction equation (32) was 
therefore attempted based on the following assumptions: 
a) Assume a soil wedge of - (p) apical angle moving along 
with the cylinder as shown of Figure 33. 
b) At small penetrations, when is less than H the pene­
tration is by soil forming a rough wedge ahead of the 
cylinder. 
c) At large penetrations when is larger than the pene­
tration is by the combined soil wedge and steel cylinder. 
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Figure 31. Penetration carves for 2.0 in. dia. cylinder on modeling clay 
150 
MODIFIED Eq. 32. 
THEORETICAL from Eq. 32. 
125 
100 
D3 
UJ (_) 
d; 
o Li-
EX PER I MENTAL IT 
00 
LU 
0 . 1  . 2  3 4 5 6 
PENETRATION, IN. 
Figure 32. Pénétration curves for 1.0 in. die. cylinder on modeling clay 
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Figure 33. Modified cylinder penetration 
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The details of mathematical expression for the modified 
equation (32) are presented in APPENDIX C. The solutions indicate a 
relatively small difference from equation (32), as shown in Figures 
31 and 32. 
Cone Figure 34a shows typical experimental cone penetration 
curves on modeling clay. When the square root of force is plotted 
versus penetration, the result is a straight line relation as shown 
on Figure 34b. The theoretical expression of equation (41) also gives 
the same relationship, since for a given soil and cone, the resisting 
force should be proportional to the square of the penetration. 
The experimental evaluation of soil parameters from comparative 
results with 30° and 60° cones gave a value for cohesion of 3.59 psi 
and for friction angle, 20.5°. Since the slope of transformed linear 
plot is used to calculate soil parameters, only one pair of c and 
values is obtained for penetration of a cone set. 
Sphere The penetration curves of the 1.0 and 1.5 in. diameter 
spheres are presented in Figures 35 and 36. The plots generally show 
straight lines at penetration less than 25 to 35 percent of the diam­
eter of sphere, and then flatten down as the penetration increased. 
The same type of curve was observed by Richardson, and by Dexter and 
Tanner (34, 13), who represented it by an empirical equation, 
F = A + B.e~^ 
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Figure 34. Actual and transformed penetration curves for 
30° and 60° cones on modeling clay 
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Figure 35. Penetration curves for 1.5 in. dla. sphere on modeling clay 
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Figure 36, Penetration curves for 1.0 in. dia. sphere on modeling clay 
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where 
F = resisting force on the sphere 
A, B and k = adjustable parameters 
L/R = dimensionless depth of penetration. 
The experimental curves obtained by Dexter and Tanner for a 20 mm 
diameter sphere penetrating on clay are also shown on Figure 36. The 
theoretical expression from equation (44), as shown on Figure 35 and 
36, using the average soil parameters from wedge penetration (p = 24.6°, 
(j)^ = 10.5° and c = 20.9 psi, gave much higher resisting forces. A 
modification of equation (44) was made based on the same assumption as 
for cylinder penetration, but with a cone of soil rather than a wedge 
of soil beneath the sphere. This gave closer agreement to the experi­
mental data. The modified penetration curves on Figure 35 and 36 
also exhibit a straight-line portion but at somewhat higher resisting 
force than from experiment. 
Tn summary, the data obtained from cone penetration seem to 
show good agreement to the mathematically predicted equation, which 
may indicate that the idealized assumptions used in the derivations 
might fit rather closely to the actual cone penetration mechanism. 
Unsaturated Cohesive Soil 
(Shelby Soil) 
Displacement model test 
As has been mentioned before, the displacement model tests were 
performed to verify movements and failure patterns in comparison to 
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the hypothesized slip-lines. In this section the displacement of 
Shelby soil will be discussed generally in qualitative terms, and 
a quantitative approach will be discussed in the next section. 
Figure 37 to 40 show typical soil deformations and their 
corresponding vector fields from plane strain displacement model 
tests. Again the boundaries of zero soil movement and of movement 
exceeding 0.05 in. for 1.2 to 1.6 in. of penetration established a 
reference for the movement pattern. The movement patterns show 
dramatic differences from those of modeling clay, the deformations 
in Shelby soil being predominantly vertical and radial downward move­
ments caused by the compaction within the soil mass. Some shearing 
movements of upward rotation occurred in the area adjacent to the 
soil surface and penetrometer. The compaction mechanism was directly 
confirmed, as soil taken from beneath the penetrometer was found 
to have 5 to 15 pcf higher density than soil outside the disturbed 
zone. As penetration exceeded 1.5 in., shearing movements started 
to increase. Qualitatively, the compaction and shearing mechanisms 
of unsaturated cohesive soil were influenced by the following factors: 
1. Penetrometer geometry 
The shape of the penetrometer can be considered as a major in­
fluence on compaction vs. shearing, since it induces the direction of 
soil movement. In general with small angle wedges such as the 30° 
wedge of Figure 37, the cutting or shearing mechanism prevails 
because the soil moves outward laterally. On the other hand the 
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Figure 37. Soil deformation and vector field under 30° wedge 
penetration on Shelby soil 
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Figure 38. Soil deformation and vector field under 60° wedge 
penetration on Shelby soil 
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Figure 40. Soil deformation and vector field under 2.0 in. dia. 
cylinder penetration on Shelby soil 
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larger angle wedges favor the compaction mechanism since they move the 
soil downward and create bulb-like compacted zones shown in Figures 38 
and 39. The cylinder penetrometer can be considered as a variable 
angle wedge, at low penetration corresponding to large angle wedge 
wherein compaction prevails, until the penetration is large enough 
that the curvature induces the shearing mechanism. 
2. Degree of penetration 
The degree or stage of penetration herein refers to the depth 
of penetration in relation to the geometry of penetrometer itself 
and the boundaries of soil media such as the depth of the sample. As 
the penetration progresses, soil within the compacted zone is denser, 
stiffer and higher in volumetric modulus so that further compaction 
requires higher energy than required to shear and rotate the soil 
upward, so the shearing mechanism will get its start. The example of 
Figure 41a for a 1 in. diameter cylinder shows the displacement of 
tile sample at perictrations from 0.0 to 0.8 xn., wliich mainly involved 
compaction of the soil beneath the penetrometer. As the penetration 
progressed from 0.8 to 1.6 in.. Figure 41b., shearing occurred and a 
soil mass started to rotate upward with some lateral compaction just 
above the firm base. 
A summary of observed disturbed zones at different stage of 
penetration is shown in Figures 42 and 43. The contours of the dis­
turbed zone at the end of 0.4, 0.8, 1.2 and 1.5 in. penetration 
consist of both compacting and shearing zones. The compacted zones 
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Figure 41. Effect of degree of penetration on deformation 
mechanism on Shelby soil 
90 
EDGE 
SHEARING ZONE 
COMPACTION ZONE 
60° WEDGE 
SHEARING ZONE 
SHEARKir ZONE 
^OWACTED 3ONE 
Figure 42. Progression of disturbed zones for 30°, 60° and 
90" wedge penetrations on Shelby soil 
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progress below the dotted line as a dome shape below the wedge and 
bell-shaped below the cylinder. Tlici compacted zones for larger wedge 
angles are broader and cover a larger area, and the shearing zones 
are smaller. The shearing zones for cylinders do not appear until 
the penetration is about 1.2 in. 
3. Initial density and water content 
The soil density characterizes the strength and compressibility 
of the soil. The effect of density is shown on Figure 44a and b. 
The higher density sample on Figure 44b has a larger disturbed zone 
than the lower density sample on Figure 44a. Also, a higher resist­
ing force was observed on the high density sample, and the shearing 
mechanism occurred earlier at. a smaller penetration, since tlie energy 
retiuirod to Lt'e.ste run tie r L i on is very and exceeds the 
energy for shearing. This phenomenon has been recognized in relation 
to bearing capacity; stronger soil carries a high bearing capacity 
with low deformation until at a sufficiently high load general shear 
occurs. With a low density soil, incomplete or local shear occurs 
at the foundation edges, and deformation may become excessive due to 
a decrease in soil volume by compaction. 
The initial water content also plays an important role in 
determining the penetration mechanism. Water in soil under load 
tends to weaken the soil by creating pore water pressure within the 
soil mass. The Terzaghi modification of Coulomb's equation (1) on 
an effective stress basis deducts pore pressure from the normal stress: 
93 
t 
212 2i3 2k Z\S a,B 2i7 c 
a) 
ik lis ils iS^ils • i!a 2b all ' ala'ala ait' W.e aV 
b) 
Figure 44. Effect of initial density on deformation mechanism 
on Shelby soil 
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T' = c' + ( C 7 -  u) tan (j)' 
where 
T' = effective shearing strength 
c' = effective cohesion 
a = total normal stress 
u = pore pressure 
(j) ' = effective angle of internal friction 
When pore pressure increases it is obvious that the shearing strength 
must decrease. In the experiments of Figure 45, the soil samples 
have about the same dry densities but the sample of Figure 45a and 
Figure 45b have 15.6% and 23.2% water contents respectively. The 
wetter sample shows a larger shearing zone and a smaller compacted 
zone. 
Another of loot; of water in soil pores is to restrict the volume 
of air available to be expelled by compaction. Thus a wet soil soon 
becomes saturated upon compaction, after which further increasing 
loads are partially carried by pore pressure, decreasing shear 
strength. A saturated soil is relatively incompressible, in that no 
more compaction can occur unless the water can dissipate out of the 
soil mass; this requires a relatively long time and is known as 
"consolidation". 
The degree of saturation is an expression of the effects of both 
initial density and water content, and is defined as the ratio of 
volume of water to the volume of total voids within the soil mass. 
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Figure 45. Effect of initial water content on deformation 
mechanism on Shelby soil 
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and relates to dry density and water content as; 
w.G. Y 
where 
S = degree of saturation 
w = water content 
= dry density 
Y = water density 
w 
G = soil specific gravity. 
For the same soil, as the degree of saturation increases the shearing 
mechanism during penetration is increased. 
Force-penetration relation 
As has bee 1 mentioned before, the penetration resistance curve 
describes the relation between resisting force and penetration. The 
penetration curves on Shelby soil were obtained from two different 
tests, namely the displacement model test and the Proctor sample 
test. The wedges and cylinders were penetrated on displacement model 
samples where the movements of the soil mass were observed and the 
resisting forces were recorded simultaneously, whereas the cones and 
spheres were tested on Proctor samples at different water contents, 
and only the resisting forces vs. penetration were recorded. 
Wedge The typical wedge penetration curves on Shelby soil are 
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presented in Figure 46. The curves seem to show two portions of 
straight lines; the first portion between 0.0 to between 0.7 and 
1.0 in. is called "free penetration", since the disturbed zones do 
not extend down to the base of penetration box. The second portion 
when penetration goes deeper is called "confined penetration", and 
has a higher slope because of the confining effect of the base. 
The free penetration curves were used to evaluate soil parameters 
by the method described in the theoretical analysis. An inconsistency 
of the data was encountered in that more than half of the data show 
either negative or very high "A" values in equation (47), as the 
arguments of "In" in the denominator are close to unity. This phenom­
enon is believed to be the result of compaction that changes the soil 
properties. Regardless of the compaction effect, the parameters 
that could be evaluated are presented in Table 6. The average values 
of c and 4) are plotted on Figure 47 along with more reliable data 
obtained from the K-Test and reported by Lutenegger (23). 
Since the evidences show that compaction occurs during penetration 
of unsaturated soil, this creates a complex situation that is not 
well-approximated by analyzing the penetration as a shearing mechanism 
alone. It is therefore worthwhile to study the phenomena, and the 
effects of compaction on penetration tests. According to Figures 42 
and 43 the compacted zones exhibit certain geometries when the 
shearing mechanism gets started after a certain degree of penetration. 
On Figure 48 are shown four successive stages of penetration of the 
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Table 6- Strength parameters for Shelby soil by wedge penetration 
Penetration SB 11-12 SB 41-43 SB 61-62 
c c c 
(in.) (psi) (degree) (psi) (degree) (psi) (degree 
0.2 19.1 31.2 13.2 2 8 . 3  N.D.^ N.D. 
0.4 23.1 24.1 8.0 3 7 . 2  N.D. N.D. 
0.6 2 7 . 9  24.5 7.9 3 7 . 5  N.D. N.D. 
0.8 16.9 31.2 8 . 9  39.5 N.D. N.D. 
1.0 17.6 30.8 9.3 4 0 . 3  44.0 12.5 
1.2 18.9 29.2 - - 3 6 . 2  19.2 
1.4 20.0 2 8 . 2  - - 30.4 25.3 
b 
average 20.73 28.00 8.53 3 8 . 6 3  33.30 2 2 . 2 5  
dry density 107. 1 pcf. 93. 6 pcf. 93. 2 pcf 
water content 18. 0  %  15. 6  %  23. 3 % 
^N.D. indicates the data can not determine due to large X. 
^Discard the quantity on the first penetration. 
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Figure 47. Strength parameters for Shelby soil from K-Test 
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90° wedge. The disturbed zones in the first two stages are compacted 
zones which then develop into combined shearing and compaction zones 
in stages 3 and 4. Points A, B and C are selected so that the 
stresses at various parts of the sample calculated by the previous 
theories can be compared to actual mechanisms observed at each point. 
Table 7. Summary of actual mechanisms at various stages of penetra­
tion 
Mechanism During Penetration 
Points Stage 1 Stage 2 Stage 3 Stage 4 
A Comp.^ Comp. Shear^ Shear 
B Undis.^ Comp. Comp. Shear 
C Undis. Undis. Comp. Comp. 
The stress path method proposed by Lambe and whitman (22) was used to 
calculate the stress at each point at each stage. Principal stresses 
were calculated according to elastic solutions under a semi-infinite 
mass and for an elastic medium over a rigid base, by assuming an 
equivalent uniform strip load at the surface over the penetrated 
width of the wedge. The stress paths for points A, B and C for four 
^Compaction, indicating coordinate of the p-q values below the 
K, line 
^ y 
Shearing, indicating coordinate of p-q values on the line 
^Undisturbed zone. 
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stages of penetration are presented in Figure 49 along with an 
initial line, If the soil gets stronger during compaction 
then Kg line should be translocated upward. Also, any location in 
the soil that does not develop the shearing mechanism must have p-q 
stress coordinates below the developed line. For example at 
point A, stages 1 and 2 present a compaction mechanism so the p-q 
values must be below the line of stages 1 and 2, whereas the 
shearing mechanism starts at stage 3, when p-q value should be on 
line of stage 3. From similar arguments p-q value at point B in 
stage 4 should be on the line of stage 4. Based on this analysis 
the Kg lines of each stage of penetration can be estimated. 
The shape of the compacted zone can be approximated by an elastic 
solution. Figure 50 and 51 show the p-q values of the various grid 
points under 60® and 90° wedges at 1.0 in. penetration. The wedge 
loads were transformed to equivalent uniform surface strip loads, and 
again based on an elastic solution the p-q values were calculated at 
each grid point. For a grid point where p-q value fall above the 
Kg line, either soil in that region must be in a failure state or 
has been compacted such that the Kg line is raised to a new position. 
At this penetration the experiment shows that compaction dominates 
in that region, and the compacted zone encloses points above the 
initial Kg line. 
These ideas for estimating the Kg line from the geometry and 
stresses of the compacted zone may be criticized from their base in 
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elastic theory. On the other hand elastic theory does appear 
appropriate and has been extensively applied to consolidating soils 
that gain strength through an increase in density. Elastic 
assumptions are violated when the soil shears, and elastic theory 
then is no longer valid. This approach also may be very useful in 
developing field compaction equipment. For example, the most 
effective shape for a tamping foot and the best compactive pressure 
should be selected to maximize the compacted zone and minimize the 
possibility for creating general shear failure, which weakens the 
soil and is referred to as overcompaction. The strength properties 
and size of compacted zone can also be estimated beforehand by the 
stress path method. 
Cylinder The typical penetration curves for cylinder penetra­
tion are shown in Figure 52. The theoretical curves using soil 
properties from the K-Test generally predict higher resisting forces, 
especially for dry soil. As previously discussed, in dry soil, 
compaction and elastic compressibility should have more effect than 
in wet soil. That is, whenever the energy required for compaction 
is lower than the energy required for shearing the soil will be 
compressed. On the other hand with wet soil the strength parameters 
are lower, and pore pressure tends to develop earlier during penetra­
tion, lowering the energy required for shearing. This concept leads 
to yet another approach to compaction vs. shearing, that of minimizing 
internal energy. The applied external energy is the resisting force 
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Figure 53. Sti'ess condition under 1.0 In. dia. cylinder on Shelby soil 
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times the depth of penetration, and should equal the total internal 
energy within soil mass due to deformation of the soil by both 
compaction and shearing: 
F.H = E (x.ô.AV + a.p. AV ) 
s c 
where 
F = resisting force on penetrometer 
H = depth of penetration 
T = shearing stress 
0 = shearing strain 
a = normal stress 
' p = normal strain 
V = volume of soil within shear zone 
s 
= volume of soil within compaction zone. 
The most effective technique to solve this energy equation seems to be 
a numerical method such as the finite element method, which will be 
discussed in detail later. 
Typical stress conditions under a cylinder are shoivn in Figure 
53, by means of the same technique as described for wedge. 
Cone The penetration curves for cones were obtained from Proctor 
samples, and show the same pattern as described for modeling clay. 
The transformed curves of square root of resisting force versus penetra­
tion are straight lines, as illustrated in Figure 54. The slope of the 
transformed curve is called "cone slope index" and will be used to 
.4 .5 
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Figure 54. Transformed peniîUration curves for 60° cone on Shelby soil 
112 
96 
r 94 
•  30°C0NE 
•  60°C0NE 
o 
g 92 
90 
22 24 26 14 16 18 20 
WATER CONTENT, % 
EXPERIMENTAL 
lU 
CO 
o 
LU 
CL. O 
-o oo 
22 24 26 18 20 14 16 
WATER CONTENT, % 
Figure 55. Cone slope indices versus water content on Shelby soil 
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represent penetration properties of each sample. 
Figure 55 show the variations of cone slope indices for 30° and 
60° cones, versus water content on Shelby soil. The corresponding 
theoretical curves were calculated from Equation (4) using the 
strength properties from K-Test shown on Figure 47. Generally the 
curves show similar patterns, with relatively higher values from 
experimental data as water content increased. 
Sphere 
Figure 56 shows penetration curves of 1 in. diameter sphere on 
Shelby soil prepared at different water contents. The curves can be 
represented by straight lines when the penetration is less than 0.3 
in., or 30% of sphere diameter. The slope of the curves is plotted 
versus water content as shown in Figure 57. The theoretical values 
are the slope of regression line calculated from modified equation (44) 
and the strength parameters from the K-Test. It can be seen that the 
experimental data show lower values than the theoretical ones, which 
is the reverse of the case for cone penetration data. Figure 55. 
This may be because the shape of the cone induces the soil to shear 
at the beginning stage of penetration, whereas a sphere induces 
compaction and keeps the stage of stress in the elastic range longer. 
From the displacement model test, the shearing mechanism with a 
sphere will start at a penetration of about 25 to 35 percent of its 
diameter. However, as the soil approaches a saturated condition, 
pore pressure starts to develop and the shearing mechanism is induced 
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at the earlier stage of penetration. Figure 57 shows that theoretical 
and experimental curves approach each other on the wet side of 
optimum water content. 
Penetration on Sand 
Penetration of a purely cohesionless soil is beyond the scope of 
this study, but some preliminary investigations by displacement model 
tests were done to support the understanding of silty soil and sandy 
loam. The theory developed for cohesive soil brings cohesion in as 
a multiplication factor for all equations; hence for cohesionless 
soil the theoretical resisting force will become zero. The experi­
ments gave a stick-slip type of resisting force, in that as soon as 
the sand particles started to shear the resisting force rapidly dropped 
to zero. The equipment set up for the displacement model test was not 
capable of recording this type of force, so no force-penetration test 
data will be presented. 
Figures 58 and 59 show the vector fields from the displacement 
model test on 60° wedge and a 2" diameter cylinder in sand. No com­
paction occurred since the sand samples were dense as prepared, and 
only shearing movements were observed. In general, the amount of 
movement is larger than that of modeling clay or Shelby soil because 
no volumetric compression occurred—in fact there was volumetric 
expansion due to dilatancy. The failure boundary is clearly estab­
lished as we can see on Figure 60. The total movements of penetration 
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between 1.2 - 1.6 in. for 60° wedge and .6 - .8 in, for 2" cylinder 
of the selected vertical planes, show rapid change on slope at the 
shear boundary. The 60° wedge also shows two zones of shearing 
movement. 
Penetration on Silty Clay Loam 
(Monona Soil) 
The typical displacement pattern and corresponding vector field 
for Monona soil are shown on Figure 61. From a limited number of 
tests performed, the following experimental facts were observed: 
1. Monona soil exhibits a relatively small compacted zone 
compared to Shelby soil. 
2. A brittle type of failure occurred with a distinctively 
clear failure boundary. 
3. Non-symmetrical failure occurred, tending to follow the 
weakest plane along a line of steel balls. The balls which 
served as grid points are pressed on the front of the 
sample and, sometimes create localized shearing of the 
surrounding material. 
The force and penetration relationships for a 2 in. dia. cylinder 
and 60° wedge are shown on Figure 62. The theoretical curves were 
from modified equation (32) and equation 26, using soil parameters 
from the K-Test. A rapid drop in resisting force occurs when movement 
along failure plane starts; then after the soil particles rearrange 
to their new positions the resisting force is regained. 
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penetration on Monona soil 
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Field Tes t 
The primary objective of the field test was to examine the 
possibility that penetration tests could be used in situ to determine 
the basic soil parameters c and ({). 
The field tests were performed on a silty sand and a clay loam. 
It should be pointed out that the correction of raw data is very 
important for the results to be of use for calculation of the soil 
strength parameters. Error normally comes from the initial seating 
of penetrometers and evenness of the ground surface. The corrections 
made were first to neglect the first two data points, second to fit 
the rest of the data by linear regression, and third to correct the 
intersect of the curve so that it starts from zero origin. 
The corrected penetration curves from wedges and a sphere on silty 
sand are shown in Figure 63. The curves are straight lines with 
correlation coefficients of 0.9998, 0.9995 and 0.9993 for the 6" 
diameter sphere, 45° and 30° wedges, respectively. The slope of the 
penetration curves for 45° and 30° wedge are 2990 and 2022 lb. per 
in. which used to calculate the soil parameters c and tj>. The penetra­
tion curves for 60° and 30° cones on Figure 64 show the same trends 
as were observed from modeling clay and Shelby soil. Corrections to 
the cone penetration data were made on transformed curves of square 
root resisting force, and the transformed penetration curves for the 
cones again show straight lines with 0.9996 coefficient of correlation 
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in both cases. However, the soil parameters could not be evaluated 
from cones because the data show a negative "A" value. 
Similar penetration curves for 45° and 30° wedges in the Clarion 
clay loam are shown in Figure 65. The sphere gave a linear curve 
up to 1.0 in. penetration, then started to flatten. 
The soil parameters calculated from 30° and 45° wedges for both 
soils are presented in Figure 66. Since the values of soil-to-steel 
friction (j)^  are unknown, the cohesion and (j) were plotted against 4)^ . 
Lutenegger (23) reported that the value of in relation to the (f) 
angle is cf)^  = 1.04 ^  - 11.73 for the Shelby soil and = 0.99 $ -
13.35 for Monona soil. In both cases the linear relation can be 
simplified to = 6 - K, where K is a constant. If we assume that 
silty sand and Clarion soil exhibit a similar relation, straight 
lines of = (j) can be drawn tangent to the curves on Figure 66. The 
tangential point should be for each soil, and then the soil 
parameters for the siity sand and the Clarion soil are estimated as 
follows 
Soil Cohesion, c, psi (j) angle, degree 
Clarion 4.5 42° 
Silty sand 15.0 32 
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Figure 65. Field penetraLion curves for wedges and sjihere on Clarion soil 
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This procedure is a suggestion since, for a more precise evaluation 
the values of (J)^ or the relation of ()) to cf should be determined. 
Application of Finite Element Method for Soil Penetration 
The finite element method is a numerical procedure for solving 
differential equations of physics and engineering. A continuous 
quantity, such as temperature, pressure or displacement can be 
approximated by a discrete model composed of a set of piece-wise 
continuous functions defined over a finite number of elements. 
Segerlind (37) gave the general advantages of finite element method 
as: 
1. The material properties in each element on the boundary do 
not have to be the same. 
2. Irregularly shaped boundaries can be approximated easily. 
3. The size of the elements can be varied according to the 
accuracy needed. 
4. Discontinuous or mixed boundaries can be handled. 
Even though this method was originated in aerospace and structural 
engineering, the application in rock and soil mechanics has increased 
in recent years. However, the nature of soils and rocks is more 
complex and requires different considerations from structural materials. 
The problems usually encountered in soil problems are non-linearity 
of stress-strain relation and the geometry due to large displacements, 
anisotropic properties of soil media, etc. 
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The finite element method had been used to solve penetration 
problems on saturated clay by Baligh and Scott (1) and on rock by 
Wang and Lehnhoff (41) , but unsaturated soil that exhibits both 
compaction and shearing mechanism, is a unique problem. It is worth­
while to discuss the application of finite element for unsaturated 
soil in terms of advantages and disadvantages compared to conventional 
elastic and plastic theories. 
The following problems are expected to be encountered in 
application of the finite element method to soil penetration: 
1. Non-linear stress-strain relations. 
Soil often exhibits non-linear stress-strain relations caused by 
a number of factors such as stress history and state of strain. 
Plastic theories usually neglect the elastic range and assume a rigid-
plastic type curve with no appreciable amount of deformation occurring 
before the soil is failed. This assumption is valid in penetration 
problems dealing with brittle type soil such as Monona, when che 
geometry of penetrometers introduces shearing at low penetration. In 
soils such as modeling clay or Shelby soil, the stress-strain 
relationship shows non-linearity and considerable deformation must 
occur before the failure state is achieved. The finite element method 
can monitor the actual relationship by the techniques shown of 
Figure 67a, b, and c, and re-enter the stress-strain data according 
to the stage of deformation occurring in the soil. The stiffness 
matrix which is involved in the finite element formulation then would 
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be the function of strain level, and an iterative procedure would be 
needed to model the changing stiffness matrix. 
2. Non-linear geometry. 
Large displacements usually occur in soil penetration, and the 
deformed geometry is different from the initial one, as shown on 
Figure 68. In the finite element method the new positions of model 
points or elements have to be reassigned according to their most 
recent positions. In turn the new stiffness matrix which also is 
the function of the element geometry has to be reformulated for every 
loading increment. Plastic theory takes into account the change in 
geometry by assuming a deformed geometry known as a slip-line field, 
such as Prandtl's slip-lines. 
3. Anisotropic soil properties. 
Anisotropy in soil may involve sedimentary layering or artificial 
compaction which causes preferential arrangement of soil particles 
in a certain direci-ion. Then strciigtli and compressibility may vary 
according to direction within the soil mass. Similar phenomena 
occur in fractured rock since in a direction normal to the fracture 
plane, the tensile strength is zero but the compressive strength 
still exists. The different soil properties for each principal 
direction have to be specified for finite element method. For plastic 
theory there is presently no known solution. 
4. Change in strength and compressibility due to compaction. 
As mentioned before, during penetration, both shearing and 
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compaction occurred. Compaction is expected to increase soil strength 
and decrease compressibility. The solution based on plastic theory 
did not directly consider the compaction effect, but the empirical 
modification can be done by establishing new strength parameters. 
The modified parameters can be used to calculate resisting force for 
the next penetration increment. 
The finite element method seems to present a better way to 
simulate the compaction mechanism. The strength, stress-strain prop­
erties and volumetric compressibility of the soil at different 
densities can be evaluated by conventional triaxial or consolidation 
tests. The solution from finite elements considers stress-strain prop­
erties and will give the stresses and deformation of each element; 
then an extra step of modification of the dimension of each finite 
element for compressibility of the soil at the corresponding stage of 
stresses needs to be done. The new soil densities than can be 
calculated according to new volumes of each element. wiLa the next 
loading increment the new set of strength, stress-strain properties 
and compressibility would have to be entered according to the existing 
density. This of course would be highly laborious and the solution 
would be case-specific. It therefore is doubtful whether the procedure 
could be made practicable for general reduction of penetration data, 
and it would be of primary value as a key to further understanding of 
the penetration mechanisms. 
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SUMMARY AND CONCLUSIONS 
The following conclusions can be drawn based from the analyses 
and the experimental results: 
1. The resisting force (penetration force) to a plane strain 
wedge-shaped penetrometer is derived as a function of soil basic 
strength parameters (c, cf) and <P^), the angle of the wedge, and 
depth of penetration on the basis of the following assumptions; 
a) The failure condition within the soil media is governed by 
the Mohr-Coulomb failure criteria. 
b) Soil is rigid-plastic material. 
c) The slip-line pattern of failure soil consists of a soil 
driving wedge, a log-spiral transition zone, and a soil passive 
wedge, as originally proposed by Prandtl. 
d) The size of the soil driving wedge is proportional to the 
ratio of d) over 
s 
2. An iterative method is used to adjust the basic equation of 
wedge penetration so that the ratio of shearing stress over normal 
stress on the wedge surface is equal to the tangent of the corre­
sponding (j)^. 
3. The results obtained from the iterative method were then 
simplified to linear approximations such that derivations of theoret­
ical resisting forces for other more complicated shapes became 
possible. Theoretical expressions for penetration resistance of 
long cylinders, rounded-tip wedges, blunt wedges, cones and spheres 
are presented. 
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4. A method for determining soil strength parameters c and $ 
from a set of wedge or cone penetrations is proposed if the friction 
between soil and steel is a known quantity. The experiments show c 
and ij) of modeling clay from 30°-60°, 60°—90°, 30°-90° wedges and 
30°-60° cone penetrations are consistent with triaxial data. But 
for Shelby soil, compaction introduced an additional undefined variable 
that made it difficult to obtain viable results. However, data from 
field tests of cones and wedges on silty sand and Clarion soil did 
;?ive reasonable c and $ values. 
5. The experimental deformation patterns on saturated cohesive 
soil (modeling clay) agree with Prandtl's slip-line field for wedge 
penetration. For a cylindrical shape, a pseudo-wedge of soil is 
formed and moves ahead in effect as part of the penetrometer. The 
theoretical expression was modified for a cylinder with a soil wedge 
and gave closer agreement with the experimental results. 
5. Deformations of unsaturated cchcsivc soil (Shelby soil) 
indicate that in addition to shearing, compaction occurred. The size 
of the shearing and compaction zones depends on the shape and geometry 
of the penetrometer, saturation of soil media, and depth of penetra­
tion. The relative percentages of shearing and compacting mechanisms 
by area are plotted against geometry of penetrometer for different 
depth of penetration and percent of saturation for Shelby soil. Figure 
69. 
7. Compaction during penetration increased the soil density 
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and in turn increased the soil strength. The elastic solution and 
Stress path method can be used to check and estimate the changes in 
strength parameters. 
8. The deformations observed for dense sand were purely shearing 
type with clearly distinct failure planes. The shearing is stick-slip 
type, as the movement of sand particles on the shear plane allowed 
the resisting force to go to zero, then regain as a deeper failure 
plane developed. 
9. The silty clay loam (Monona Soil) shows a brittle type of 
failure similar to sand, and when the relative movement along the 
failure plane starts, the resisting force drops to a small amount 
and then regains as the particles rearrange to their new position. 
The failure creates separated pieces of soil rather than one shear 
plane. 
10. The field tests for wedge, cone and sphere penetrations give 
the same shapes of force-penetration curves as predicted by the theory. 
The basic strength parameters evaluated from wedge penetrations are 
in the reasonable range. 
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SUGGESTION FOR FURTHER RESEARCH 
1. Study the effect of soil-to-steel friction of the penetrom­
eter surface on deformation patterns. The displacement model tests 
for perfectly rough, smooth and semi-rough surfaces can be done to 
verify the available theoretical expressions. A saturated soil such 
as modelling clay is suggested for shearing in lieu of compaction. 
2. Use finite element method as the tool to study the combined 
compaction and shearing mechanisms in unsaturated soil, 
3. Study field uses of cone and wedge penetrations on fully 
controlled sites of known soil parameters. 
4. Study the penetration on layered soil in a displacement 
model test. The theoretical expressions can be modified according to 
the experimental results. 
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APPENDIX A: RESISTING FORCE ON LONG CYLINDER 
The equation (31) leads to 
F = 2c R.a 
2.38 
h x 
2 e .sin0 d9 
IT 2.3 
2 X 
+ tan I e .cos6 d0 
6 
and separately the integrations;are 
2.39 
/ 
7T 2.30 
2 A 
e .sin9 d9 = 
,2.3 . 
e A (ri— sin9 - cosG) 
X 
<¥> 
-* b 
(Al) 
2.3-ÎÎ 2.36 
e (^ ) - e sing - cosg) (A2) 
(^) +1 
/ 
TT 2.39 
2 a 
e COS0 d9 
^ 2 . 3  
e A (—^ cosG + sin0 ) 
L <¥>• ^ : 
2 . 3 t t  2.36 
,2.3 2A A (—r- cos 6 + sin6) 
e - e . A ^ 
<¥> + : 
(A3) 
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Substituting equation (A2) and (A3) into (Al) gives 
F = 2cRa 
wo 
2 . s i t  2.38  
(.~j~ + tan (e - sin3.e ^  ) 
9 3 ^  (^) +1 
where 
2.36 
+ cos3. (1 - tan 4^). e ^ 
= 2cRe K1 
K3 + 1 
V)  
(K3 + tan (J)^) . (e - sin B) 
+ cosg (I - K3 tan t})^) (A4) 
K1 = 2.3 (y + log 
k2 = ^ (i - b) 
K3 = 2.3 
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APPENDIX B: RESISTING FORCE ON ROUNDED TIP WEDGE 
The total resisting force on a rounded tip wedge from equation 
(36) is 
and 
fr = PR + Fw (Bl) 
where 
when 
2c.r.e^^ 
(k3^ + 1) 
K7 (K3 + tan# )(e -sing) 
s 
+ cosB (1-K3.tan$g) 
K1 = 2.3 (B/X + log O^g) 
(B2) 
K3 = 2.3 
T" '2 - 8) 
K3 = 2.3 
^ 2c.(tang + tan cj)^) + log (B3) 
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APPENDIX C: RESISTING FORCE ON BLUNT WEDGE 
The total resisting force on a blunt from equation (38) is 
F, = Fg + (CI) 
where 
F = 2c.H sin (C2) 
D O 
F^ = 2c.H (tang + tan (ji^) (C3) 
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APPENDIX D: RESISTING FORCE ON SPHERE 
The equation (43) can be written as 
F = 2cR 
211 r 
'•"! I 
7t 
2 2.36 
e A .sin9.COS0.d6 
+ tan I e X cos 6 d9 
The integration of the terms in the parentheses gives 
tt j: 2.36 dp 
I ~ 2.3 e ^ .sin6.cos6 d9 = 2.3 ,2.3 . 
(Dl) 
^ X (—^ sin 20-2 cos 29) 
(T) 
si] 
2.3TT 2.36 
2X X \ 4^  n 23 - cos 23 
e —e . \ J a  
(T) +4 
' (D2) 
7t 
/• 
2.39 
e \ cos^0.d9 = 
2.3 
e ^ cos9 + 2 sin9).cos6 
1^ )^' + 4 [ 
2 À 2.38 
+  2 _ 3  - e  a  
150 
2 . 3 7 t  2.36 
" 
9 1 9 
COS 3 + 2 cosB sing + 
(¥)  ^ + 4 
(D3) 
Substitute equation (B2) and (B3) in (Bl) and rearrange the terms to 
yield the following equation. 
F = 
(K3- + 4) 
TT 
(1+1^ tancj)g) e^ - < sin 26 + tan^^) 
- cos 23 (1 
2it 
The term / dp = 2it 
0 
2.3 
 
T + (iT + \ / 2 7 t  dp (D4) 
K3 = 
X 
k 4  -  2 . 3  ( i ± â + l o g a ^ )  
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APPENDIX E: RESISTING FORCE ON MODIFIED LONG CYLINDER 
Included in this appendix is the derivation of resisting force 
on a cylinder based on the following assumptions. 
1. A soil wedge of ^ apical angle moves along with the 
cylinder during penetration as shown on Figure 70a. The soil wedge 
acts as a perfectly rough wedge, since the contact surfaces of the 
wedge are soil-to-soil interfaces. 
2. At a certain depth of penetration when the soil wedge tang­
ent to the curvature of the cylinder is at the ground level, the 
soil wedge is fully developed as in Figure 70b. 
3. For deeper penetration, the combined action of the full 
wedge and part of cylinder occurs as on Figure 70c. 
a) Wed%e action (H < H ) 1 3 ac 
H = actual penetration of cylinder 
a - hair angle of sull pseuùo-weùge ~ ^  ~ y 
R = radius of cylinder 
then 
= apparent penetration of pseudo-wedge 
n = cos ^ (El)  
a 
The resisting force is equal to equation (26) when H = B = 
= 9 and the values A and 0^^ are the values for perfectly rough 
surface (6 = è): 
a) WEDGE ACTION b)FULLY HEDGE ACTION c)C0M3INED HEDGE-CYLINDER ACTION 
(  "a "ac'  <"a= "ac'  
Fit-nre 70. Calcul .11 i on of modified cylinder penetration 
1 5 3  
2 3 ^  F = 2c (tan 3^ + Lan^).e X (E3) 
b) Full wedge action (H = H ) 
a ac 
? = ! + ! 
sin (y + y) 
H = H = R — (E4) 
^ tanB 
a 
The resisting force is similar to equation (E3), except 
H = H . 
a ac 
e) Co.iibined wedge and cylinder action (H^< 
The total resisting force is the sum of resisting force on the full 
wedge and part of cylinder surface from A to B, which is 
F = F + F (E5) 
w c 
when 
3. 
9  1  — —  
F = 2cO . H (tanS + tan f|)) .e ' A (E6) 
w (JO ac a 
and F can be derived from equation (31) as 
c 
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9 'i --
F = 2cO .R e~* À (sinG + cos0.tanô ) .d6 
c oJO s 
(E7) 
The separation of the integral terms is 
F 
6^ 2.36 
e. sin9,d9 = 
93 (—) + 1 
A 
2.36 
a 
A / 2 * 3 • n n \  
e sinp^-cosp^) 
2.36 
e sing - cosg) (E8) 
f 
^ r\ 
a 2.30 
e. " cos0d9 = 
r- 2.33 
i /  ^ • 3 \ , -, 
e  ^ (-K^  cosB + sing ) 
2.36 
e ^ cosB + sinB ) (E9) 
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Substitution of equations (E8) and (r,9) into (E7), gives 
2.3d 
2c.R.c 
F = 
c 
wo 
(4^) +1 
ing^ tancf)^) 
+ cosg^ tan^g - 1) 
2.33 r 
-e sing (-=^ + tan^g) + cosg tan^^ -1) (ElO) 
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APPENDIX F: RESISTING FORCi£ ON MODIFIED SPHERE 
The resisting force on modified sphere is derived from the same 
geometrical assumptions as APPENDIX C. 
a) Cone action (H < H ) 
a ac 
H = actual penetration of sphere 
= apparent penetration of pseudo-cone 
3^ = half angle of soil pseudo-cone ~ ^  ~ ^  
R = radius of sphere 
Resisting force is equal to equation (41), 
1/1 9 
F = TTce (tan3^ + tarn])) tan3^.H^~ (Fl) 
where 
s, 
K1 - 2.3 (--log 
A. o  = values r r o t t i  fieure l u  ana i i  tor Berrecciv rouen surrace. 
'  wo ^ -
b") Full cone action (H = H ) 
a ac 
The resisting force is 
vi o 
F = TTce (tanS + tancfi) tanB .H (F2) 
a a ac 
where „ , 
R sin (-T + 
H 
ac tang 
a 
1.57 
c) Combined cone and sphere (H > H ) 
^ n ac 
The total resisting force is 
F = F + F 
c s 
(F3) 
where 
and 
F = force on full cone and equal to equation (F2) 
c 
F = 
F = 
force on part of sphere which can be derived from 
equation (43) as 
271 r 3a , 
> V T  I / 
2cR 
o 6 
2.30 
A 
. sin9 cos0.d9 
ga 2.39 
+ tancj) / e ^ cos~6 d6 I dp (F4) 
The separation of integral terms is 
/ S 2.30 a e ^ . sinO.cosO.d0 = (Y) +4 
2.315 
\ 2 1 
e ' (^ sin2g 
2.36 
2 cos2B )-e (-^-^ sin2B-2 cos26) 
a A 
(F5) 
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I a 2.38 9 1 e " .cos~9d9 = o 3 -(^) + 4 
2.36 
a 
\ ,2.3 o 
e (-T^ cosp 
2.38, 
+ 2 sing ) cosB + .e ^ 
a a i. J 
2.33 
e ^ cosg 
2.3g 
+ 2 sing) cosB + "G ^ (F6) 
Substituting equation (F5) and (F6) into (F4) yields 
F = 
s 
/ 1,2 Kl 4TrcR e 
<¥' 
2.3B 
e ^ sin26^ + tanô^) 
+ cos^B ^ tan(J) - 4) + 2 
a A s 
2.36 
sin2B ( 2.3 
2 2.3 
+ tan^g) + CCS S (—^ tantj)^ - 4) + 2 (F7) 
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APPENDIX G: SAMPLE CALCULATION OF SOIL STRENGTH PARAMETERS 
FROM WEDGE AND CONE PENETRATIONS 
a) Wedge data 
The experimental data from penetrations of 90° and 60° wedge in 
modeling clay at 0.6 in. penetration are; 
penetrating force on 90° wedge = 44.7 lb. per in. 
penetrating force on 60° wedge = 21.7 lb. per in. 
soil-steel friction angle = 10.5° 
1. Calculate a from equation (47) 
X = 2.3 (45 -  30) 
In 
1 
(tan 30 + tan 10.5). 44.7 
(tan 45 + tan 10.5). 21.7 
À = 122.1° 
2. Read off from Figure 12 for X = 122.1° and ({) = 10.5' 
(j) = 24.4° 
3. Read off 0 from Figure 11 for 4* = 10.5° and t{) = 24.4' 
wo s 
a = 4.60 psi 
wo 
4. Substitute cp = lu.D", A = izz.i", o = 4.ou psi in 
s wo 
equation (45) and solve for c as; 
44.7 c = 
2x4.6x.6 (tan 45 + tan 10.5).e^'3*45/122.1 
160 
c = 2.93 psi 
b) Cone 
According to the experimental data of Figure 34, the slopes of 
square root force vs. penetration for 60° and 30° cones are as 
follows; 
1 
cone slope index for 60° cone = 7.70 lb 2" per in. 
cone slope index for 30° cone = 3.59 lb "2 per in. 
The soil-steel friction angle is 10.5°. 
1. Calculate X from equation (48) 
for 60° cone = (7.70)~ = 59.29 lb. 
Fg for 30° cone = (3.57)^ = 12.74 lb. 
then 
X = 
In 
2.3 (30-15) 
tan 15 (tan 15 + tan 10.5) x 59.29 
can 30 (tan 30 + tan 10.5) x 12.74 
A = 138.2° 
2. Read off 6 from Figure 12 for A. = 144.9° and (j)^ = 10.5° 
(!) = 20.5° 
3. Read off O from Figure 11 for ({) = 10.5° and 4) = 20.5° 
wo s 
o = 4.25 psi 
wo 
4. Substitute 6^ = 10.5°, X = 138.2°, 0^^ = 4.25 psi in 
equation (41) and solve for c as; 
161 
59.29 
TT X 4.25 (tan 30 + tan 10.5) tan 30 x e ^ 30/138. 
3.59 psi. 
